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1 BBe^eHHe. O tohhmx peineHnax rpaHHHHbix sslrslh 

KHHeTHHeCKOH TeOpHH 

Sa^a^a Kpaiviepca 5ffiji5ieTC5i o^hoh H3 Ba^KHeHinnx sa^aH KHHeTHHecKOH 
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TeopHH ra30B. 3t& 3anaHa HMeeT 6ojibinoe npaKTHnecKoe 3HaneHHe. PenieHHe 
3toh 3anaHH H3Jio>KeHO b TaKHx MOHorpacpHHx, Kax P H 

1.1 Mctophh npo6jieMM 

Bojiee nojiyBeKa TOMy Hasan, K. M. Kefe b CBoeft 3HaMeHHTOH pa6oTe [3] 
3ajio>KHji ocHOBbi aHajiHTHnecKoro penieHHH rpaHHHHbix 3anaH TeopHH ne- 
peHoca. HneH SToro MeTona cocTOHjia b cjienyiomeM: HaftTH o6ru;ee penieHne 
HeoflHopoflHoro xapaKrepHCTHHecKoro ypaBHemiH, OTBenaioiHero ypaBHeHHio 
nepeHOca, b Kjiacce o6o6meHHbix cpyHKHHH b BHne cyMMbi HByx o6o6meHHbix 
(pyHKu,HH - rjiaBHoro 3HaneHHH HHrerpajia h cjiaraeivioro, nponopuHOHajib- 
Horo flejibra-cpyHKUHH ^Hiipaita. 

IlepBoe H3 3thx cjiaraeivibix HBjineTCH nacTHbiM penieHHeM HeonHopoflHO- 
ro xapaKTepncTHHecKoro ypaBHeHHH, a BTopoe HBjineTCH oGihhm penieHHeM 
cooTBeTCTByiomero OHHoponHoro ypaBHeHHH, OTBenaioinero HeonHoponHOMy 
xapaKTepncTHHecKOMy KoacpcpHniieHTOM nponopHHOHajibHOCTH b stom bbi- 
pa»ceHHH ctoht TaK Ha3bmaeMaH nHcnepcHOHHan (pyHKUHH. HyjiH nncnep- 

CHOHHOH (pyHKUHH CBH3aHbI B3aiIMHO O^HOSHaUHO C HaCTHblMH pemeHHHMH 

HCxo,n,Horo ypaBHemiH nepeHOca. 

K xapaKTepncTHHecKOMy ypaBHeHHio mh npnxoflHM nocjie SKcnoHeHHH- 
ajibHoro pasflejieHHH nepeivieHHbix b ypaBHeHHH nepeHOca. C noMombio cneK- 
TpajibHoro napaivieTpa mh pasflejineM npocTpaHCTBeHHyio n CKopocTHyio ne- 
peMeHHbie b ypaBHeHHH nepeHOca. 

06mee penieHne xapaKrepncTnuecKoro ypaBHeHHH coflepn^HT b KauecTBe 
nacTHoro penieHHH CHHiyjinpHoe Hflpo Kohih, 3HaMeHaTejib KOToporo ecTb 
pa3HOCTb CKopocTHoii h cneKipajibHOH nepeMeHHoii. 

HivieHHO Hflpo Kohih no3BOJiHeT Hcnojib30BaTb bckd moiub MeTOflOB TeopHH 
(pyHKHHH KOMnjieKCHoro nepeivieHHoro - b uacTHOCTH, TeopHH KpaeBbix sa^an 
PnMaHa— rHjib6epTa. 

HTaK, nocTpoeHHe co6cTBeHHbix (pyHKi^HH xapaKTepncTHHecKoro ypaBHe- 
HHH npHBOflHT k noHHTHio flHcnepcnoHHoro ypaBHeHHH, KopHH KOToporo Ha- 
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XOflHTCH BO B3ailMHO OflHOSHaHHOM COOTBeTCTBHH C HaCTHblMH (flHCKpeTHbl- 

mh) penieHHHMH Hcxo/ffloro ypaBHeHHa nepeHOca. 

06mee pemeHiie rpaHHHHbix sa^an fljra ypaBHemra nepeHOca HmeTC5i b 

BHfle JIHHeHHOH K0m6hH&H,HH flHCKpeTHBIX penieHHH C npOH3BOJIBHBIMH K03(p- 
(pHU,HeHTaMH (STH K03Cp(pHHHeHTbI Ha3bIBaK)TC5I flHCKpeTHblMH KOSCpCpHHHeH- 

TaMii) h HHTerpajia no cneKTpajibHOMy napaMeTpy ot co6ctbghhoh cpyHKHHH 
HenpepbiBHoro cneKTpa, yMHO)KeHHbix Ha HeroBecTHyio cpyHKHino (itoscpcpH- 
hhcht HenpepbiBHoro cneKTpa). HeKOTopbie /mcKpeTHbie KOScpcpHimeHTbi 3a- 
flaiOTCsi n cnnTaiOTca H3BecTHbiMH. ^ncKpeTHbie KOScpcpnnneHTbi OTBenaiOT 
flHCKpeTHOMy cneKTpy, hjih, b HeKOTopbix cjiynaax, OTBenaiOT cneierpy, npn- 
coeflHHeHHOMy k HenpepbiBHOMy. 

IloflCTaHOBKa o6mero penieHHH b rpaHHHHbie ycjiOBna npnBOflHT k hh- 
TerpajibHOMy CHHryji^pHOMy ypaBHeHHio c H^poM Komn. PemeHne SToro 
ypaBHeHHH no3BOJi5ieT nocTponTb pemeHne hcxo^hoh rpaHHHHOH sa^ann fljra 
ypaBHeHHH nepeHOca. 

^encTBya nivieHHO TaKHM cnoco6oM, K. HepnnHbHHH b 1962 r. b pa6oTe [I] 
nocTponji TonHoe pemeHne sa^ann Kpaiviepca 06 H30TepMnnecKOM CKOJib>Ke- 
hhh. 3Ta sa^ana 5iBjisieTC5i Ba>KHon co^ep^aTejibHOH saflaneii KHHeTHnecKoii 
TeopnH. 

Pa6oTbi [31 H] 3ajio>KHjiH ocHOBbi aHajiHTHnecKHx MeTO^OB fljia nojiyneHKH 
tohhmx penieHHH MOflejibHbix KHHeTnnecKHx ypaBHeHHH. 

3aTeM b pa6oTax p]-[B] HepHHHb5iHH h ero coaBTopbi nojiynnjiH psiR 3Ha- 
HHTejibHbix pe3yjibTaTOB fljia KHHeTHnecKOH TeopnH ra30B. 3th pe3yjibTaTbi 
nojiyHHjiH flajibHeftniee o6o6meHHe b Haninx noane/iyioiHHx pa6oTax. 

06o6meHHe SToro MeTO^a Ha BeKropHbift cjiynafi (cncTeMbi KHHeTHnecKHx 
ypaBHeHHii) HaTajiKHBaeTC^ Ha 3HaHHTejibHbie Tpyn,HOCTH (cm., HanpHMep, 
[2]). C TaKHMH TpyflHOCTHMH CTOJiKHyjiHCb aBTopbi pa6oT P, [TO], [TT], B KOTO- 
pbix flejiajiHCb nonbiTKH penniTb sa^any o TeivinepaTypHOM CKanxe (sa^ana 
CMOJiyxoBCKoro) . 

IlpeoflOJieTb 3th Tpy^HOCTH yn,ajiocb b pa6oTe [12], b KOTopoii BnepBbie 
flaHO penieHHe sa^anH CMOJiyxoBCKoro. 3aTeM 3Ta sa^ana 6bijia o6o6meHa 
Ha cjiynaft cjia6oro HcnapemiH P2]-[14], Ha MOJieKyjiapHhie ra3bi [IS] h [16], 
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Ha 6e3MaccoBbie Bo3e-ra3bi [T7] , Ha CKanoK TeMnepaTypbi b MeTajuie (cjiynaii 
Bbipo^fleHHOH njia3Mbi) [IE] h [12], h Ha ppyme npo6jieMbi [2D] n |21] . 

3aTeM b pa6oTax [22] n [23] Gmjio ^aHO penieHHe sa^ann 06 yiviepeHHO 
CHjibHOM HcnapGHHH (KOHfleHcaHini) . OflHOMepHan sa^ana o cnjibHOM ncna- 
peHHH 6bijia nocTaBjieHa b pa6oTe [21] h 6bijia c^ejiaHa nonbiTKa nojiynHTb 
ee TOHHoe penieHHe. 

Sa^ana o TeivinepaTypHOM cicanice ^jih BTK-ypaBHeHHa c nacTOTOH ctojik- 
HOBeHHii, nponopH,HOHajibHOH MO^yjiio CKopocTH MOJiexyji, 6bijia penieHa Me- 
TOflOM BnHepa— Xoncpa b pa6oTe [25]. 3aTeM b 6ojiee o6men nocTaHOBKe c 
yneTOM cjiaGoro Hcnapemra (KOHfleHcaniffl) 3Ta sa^ana 6bijia penieHa MeTO- 
/],om Kefea b Hanieii pa6oTe [26]. 

3a,n,aHa KpaMepca b flajibHeftnieM 6bijia o6o6meHa Ha cjiynaft 6nHapHbix 
ra30B [2Z]-[30], 6bijia penieHa c Hcnojib30BaHHeM Bbicninx MO^ejieft ypaBHe- 
HH5i BojibHMaHa [2I]-[3B], 6bijia o6o6meHa Ha cjiynan sepKajibHO-flncpcpysHbix 
rpaHHHHbix ycjiOBHH [51]-[36]. 

HecTaHHcmapHbie sa^ann /yra KHHeTnnecKHx ypaBHemiH pacciviaTpHBa- 
jincb b HaniHx paGoTax [37] h [38]. 

Pa3JiHHHbie npo6jieMbi TeopHH CKHH-scpcpeKra paccMaTpnBajincb b pa6o- 

T ax P2J-B2J. 

B nocjieflHee flecsiTHjieTHe sa^ann Kpaiviepca h CMOJiyxoBCKoro 6bijiH c<pop- 
MyjinpoBaHbi h aHajiHTHnecKH penieHbi fljisi kb aHTOBbix OepMH-ra30B b pa- 
6o T ax P] h [H]. 

BonpocaM TeopHH njia3Mbi nocB5iineHbi HaniH pa6oTbi |45|-[57], 
B HaniHx pa6oTax [5B]-[S5] 6bijiH pa3BHTbi npn6jiH:>KeHHbie MeTo^bi pe- 
HieHHa rpaHHHHbix sa^an KHHeTnnecKOH TeopHH c sepKajibHO-^HcpcpysHbiMH 

rpaHHHHblMH yCJIOBHHMH. 

B HacTosnnen pa6oTe npHMeH5ieTC5i hobmh scpcpeKTHBHbift MeTOfl penieHHH 
rp aHHHHbix sa^an c sepK&jibHO-flHcpcpysHbiMH rpaHHHHbiMH ycjiOBH5iMH, pa3- 
BHTbiii b paGoTe [66]. 

HacTosnnaa pa6oTa 5iBji5ieTC5i npoflOJi^KeHHeM pa6oT [67] h [BE]. B [67] 6bi- 
jia penieHa nojiynpocTpaHCTBeHHaa sa^ana KpaMepca fljra KBaHTOBbix Bo3e- 
ra30B: HaftfleHa CKopocTb H30TepMHnecKoro CKOJib^KeHHH B^ojib njiocKoft no- 
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BepxHOCTH n nocTpoeHa (pymcuHfl pacnpeflejieHnsi jieTHinnx k CTeHKe MOJie- 
Kyji Henocpe^CTBeHHO y ctchkh. 

B pa6oTe |EB] fljra sa^ann Kpaiviepca nocTpoeHO pacnpe^ejieHne MaccoBon 
CKopocTH Bo3e-ra3a b nojiynpocTpaHCTBe n HaxoflHTCH ee 3HaneHne Heno- 
cpeflCTBeHHO y ctchkh. J\jik SToro BBiBO^HTca (popiviyjia (paKTopn3an,nn fliic- 

nepCHOHHOH (pyHKUHH. IlpOBOflHTCH CpaBHeHIie K03CpCpIIII,IieHTOB MaCCOBOH 

CKopocTH Bo3e- h <DepMii-ra30B. 

B HacTosnnen pa6oTe peniaeTca nojiynpocTpaHCTBeHHaa sa^ana KpaMepca 
fljiH KBaHTOBbix Bo3e-ra30B c sepKajibHO-flncpcpysHbiiviH rpaHnnHbiMH ycjio- 
bh5imh. fljia KBaHTOBbix OepiviH-ra30B Taicasi sa^ana Gbijia penieHa b pa6oTe 

1.2 06o6m,eHHbra MeTOR HCTOHHHKa 

B ocHOBe npefljiaraeivioro MeTO^a jie>KiiT ii^esi bkjikdhiitb rpaHnnHoe ycjio- 
Biie Ha (pyHKHHio pacnpeflejieHHa b Bn^e ncTonmiKa b KHHeTHnecicoe ypaBHe- 
HHe. Tax hto npefljiaraeMbifi MeTOfl mo>kho Ha3bmaTb o6o6ineHHbiivi MeTOflOM 

HCTOHHHKa. 

CyTb npe/yiaraeivioro MeTOfla coctoiit b cjie^yioineM. CHanajia (popiviyjiH- 
pyeTC5i b nojiynpocTpaHCTBe x > KjiaccnnecKasi sa^ana Kpaiviepca 06 roo- 

TepMHHeCKOM CKOJIbJKeHHH C 3epKajIbHO-flHCpCpy3HbIMII rpaHHHHblMII ycjio- 

bh5imh. 3aTeivi cpyHKnira pacnpeflejieHHa npoflOJDKaeTesi b conpa>KeHHoe no- 
jiynpocTpaHCTBO x < neTHbiM o6pa30M no npocTpaHCTBeHHon ii no cko- 
pocmon nepeivieHHbiM. B nojiynpocTpaHCTBe x < TaiQKe (popiviyjinpyeTCH 
sa^ana Kpaiviepca. 

Ilocjie Toro KaK nojiyneHO jinHeapn30BaHHoe KHHeTnnecKoe ypaBHeHne 
pa3o6beivi ncKOiviyio cpyHKnnio (KOTopyio TaiQKe 6yn,eivi Ha3biBaTb cpyHKnnen 
pacnpeflejieHHsi) Ha flBa cjiaraeivibix: nenivieH— SHCKoroBCKyio (pyHKnnio pac- 
npeflejieHHsi h as (x,fi) n BTopyio nacTb (pyHKnnn pacnpeflejieHnsi h c (x, /i), 
OTBenaioinen HenpepbiBHOMy cneKTpy: 

h(x, ll) = h as (x, ji) + h c (x, li), 
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(as — asymptotic, c — continuous). 

B CHjiy Toro, hto nenMeH— SHCKoroBCKasi (pyHKUHH pacnpe^ejieHHsi ecTb 
jiHHeiiHaa KOM6HHaii,HH ^HCKpeTHbix penieHHH ncxoflHoro ypaBHeHHH, (pyHK- 
uhh h c (x,fi) TaK>KG HBjineTCH pememieM KHHeTHHecicoro ypaBHeHHH. OyHK- 
uhh h c (x, fi) o6painaeTCH b Hyjib B^ajiH ot ctchkh. Ha CTemte 3Ta (pyHKnHH 
y^OBjieTBopaeT sepKajibHO-flncpcpysHOMy rpamiHHOMy ycjiOBHio. 

,Hajiee mm npeo6pa3yeM KHHeTnnecKoe ypaBHeHHe ^jih cpyHKijHH h c (x, //), 
bkjiiohhb b 3to ypaBHeHHe b BKpp njieHa THna HCTOHHHKa, jie>Kainero b njioc- 
kocth x = 0, rpaHHHHoe ycjiOBne Ha CTeHKe ^jih cpyHKiniH h c (x, fi). no^HepK- 
HeM, hto cpyHKHHH h c {x, fi) yflOBjieTBopaeT nojiyneHHOMy KHHeTHnecKOMy 
ypaBHeHHio b o6enx conpH>KeHHbix nojiynpocTpaHCTBax x < h x > 0. 

3to KHHeTHnecKoe ypaBHeHHe Mbi peuiaeM bo btopom h neTBepTOM KBafl- 
paHTax (pa30BOH njiocKOCTH [x, fi) KaK jiKHeiiHoe ^HcpcpepeHHHajibHoe ypaB- 
HeHHe nepBoro nopH^Ka, CHHran H3BecTHbiM MaccoByio CKopocTb ra3a U c (x). 
H3 nojiyneHHbix penieHHH Haxo^HM rpaHHHHbie 3HaneHH5i Hen3BecTHon (pyHK- 
h,hh hj^ix, fi) npn x = ±0, BxoflHinHe b KHHeTHnecKoe ypaBHeHHe. 

Tenepb Mbi pa3JiaraeM b HHTerpajibi Oypbe HeH3BecTHyio (pyHKHino h c (x, fi), 
HeH3BecTHyio MaccoByio CKopocTb U c (x) h ^ejibTa-cpyHKL^HK) ^Hpaxa. rpa- 
HHHHbie 3HaHeHHH HeH3BeCTHOH (pyHKH,HH /i^(0, fl) npH 3TOM BbipaJKaiOTCH 

OflHHM h TeM >Ke HHTerp ajiOM Ha cneKTpajibHyio njiOTHOCTb E(k) MaccoBoii 

CKOpOCTH. 

IloflCTaHOBKa HHTerpajiOB Oypbe b KHHeTHnecicoe ypaBHeHHe h Bbipa>Ke- 

HHe MaCCOBOH CKOpOCTH npHBOflHT K Xap aKTepHCTHHeCKOH CHCTeMe ypaBHe- 
HHH. ECJIH HCKJIIOHHTb H3 3T0H CHCTeMM CneKTpajIbHyK) njiOTHOCTb fl) 

(pyHKH,HH h c (x, fi), mm nojiynnM HHTerpajibHoe ypaBHeHHe Ope^rojibMa bto- 
poro po^a. 

CnnTan rpa^HeHT MaccoBOH ckopocth saflaHHMM, pa3Jio>KHM HeH3BecT- 
Hyio CKopocTb CKOJib>KeHH5i, a TaK>Ke cneKTpajibHbie hjiothocth MaccoBoii 
ckopocth h (pyHKHHH pacnpe^ejieHHH b pn^M no CTeneHHM KOScpcpHnHeHra 
flHcpcpysHOCTH q (sto pn^M HeiiMaHa). Ha stom nyTH mm nojiynaeM cneTHyio 
CHCTeMy 3an,enjieHHbix ypaBHeHHH Ha KOScpcpHniieHTM ph^ob ^jih cneKTpajib- 
hmx njiOTHOCTen. npn stom Bee ypaBHemiH Ha KOScpcpHHiieHTM cneKTpajib- 
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HOH HJIOTHOCTH flJIH MaCCOBOH CKOpOCTH HMGIOT OCo6eHHOCTb (nOJIIOC BTO- 

poro nopa^Ka b Hyjie). HcKjnoHaa sth ocoSchhocth nocjie^OBaTejibHO, mm 

nOCTpOHM BCe HJieHbl p^fla flJIH CKOpOCTH CKOJIb)KeHHH, a TaK>Ke p^Abl flJIH 

cneKTpajibHbix niiOTHOCTeH MaccoBOH ckopocth h cpyHKiniH pacnpeflejieHHa. 
1.3 M30TepMHHecKoe CKOJib^Kemie b^ojib iijiockoh noBepxHOCTH 

H3JIO>KHM (J)H3HKy CKOJIb>KeHH5I ra3a BflOJIb IIJIOCKOH nOBepXHOCTH. 

EtycTb ra3 3aHiiMaeT nojiynpocTpaHCTBO x > Hafl TBep/jpii njiocKoii 

HenOflBIOKHOH CTeHKOH. B03bMeM fleKapTOBy CIICTGMy KOOpflHHaT C OCbK) X, 

nepneH^HKyjiapHOH CTeHKe, h c njiocKOCTbio (y, z\ coBnajjaioiHeH co ereH- 

KOH, TaK HTO Ha^ajIO KOOpflHHaT Jie>KHT Ha CTeHKe. 

ripeflnojico-KHM, hto B^ajiH ot CTeHKH h Bflojib och y 3ajjaH rpa^neHT Mac- 
coboh ckopocth ra3a, BejiiiHiiHa KOToporo paBHa g v : 

f duy(x) 
\ dx 

3ajjaHiie rpajjneHTa MaccoBoii ckopocth ra3a Bbi3biBaeT TeneHHe ra3a B/jpjib 
CTeHKH. PaccMOTpHM 3to TeneHHe b OTcyTCTBHH TaHreHiriiajibHoro rpajjneH- 
Ta flaBjieHHH h npn iiocto5ihhoh TeivinepaType. B bthx ycjiOBH^x MaccoBaa 
CKopocTb ra3a 6ya;eT HMeTb TOJibKO o/iHy TaHreHHHajibHyio cocTaBjraioiiiyio 
u y (x) 7 KOTopaa B^ajiH ot CTeHKH 6yn,eT MeH5iTbC5i no jiHHeiiHOMy 3aKOHy. 
OTKjiOHeHHe ot jiKHeiiHoro pacnpeflejieHHH 6ya;eT npoiicxofliiTb b6jih3h ctch- 
kh b cjioe, nacTO Ha3bmaeM0M cjioeM Knyflceiia, TOJimima KOToporo HMeeT 
nopa^OK fljiHHbi CBo6ojjHoro npo6era /. BHe cjioh Knyflceiia Teneiiiie ra3a 
onHCbmaeTca ypaBHeHiisiMii HaBbe— CTOKca. 5lBjieroie jjBiDKeinra ra3a Bflojib 
noBepxHOCTH, Bbi3bmaeMoe rpajjiieHTOM MaccoBoii ckopocth, sa/jamibiM B/ja- 
jih ot CTeHKH, Ha3biBaeTCH H30TepMHHecKHM CKOJib>KeHHeM ra3a. 

JIjik peiireHira ypaBHemiii HaBbe— CTOKca Tpe6yeTC5i nocTaBHTb rpaHHH- 
Hbie ycjiOBHH Ha CTeHKe. B KanecTBe TaKoro rpaHHHHoro ycjiOBiisi npiiHiiMa- 
eTCH SKCTpanojinpoBaHHoe 3HaneHHe rH/jpo/jiiHaMiiHecKOH ckopocth Ha no- 

BepXHOCTH - BejIHHHHa U s [. 
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Otmcthm, hto peajibHbiii npocpnjib ckopocth b cjioe KnyflceHa otjihhch 
ot riiflpoflHHaMHHecKoro. fljifl nojiy Hernia BejiiiHHHbi u s \ Tpe6yeTC5i peniHTb 
ypaBHeHHe Bojibi^MaHa b cjioe KHyn,ceHa. Etpii Majibix rpafliieHTax ckopocth 
HMeeM: 



Safla^a HaxojKflemisi ckopocth H30TepMiiHecKoro CKOJib^KemrH u s i Ha3bi- 
Baerc5i saflaneH KpaMepca (cm., HanpHMep, [T]. Onpeflejieirae BejiiiHHHbi u s i 
no3BOJi5ieT, KaK yBiiflHM HH>Ke, nojiHOCTbio nocTpoHTb (pyHKijHio pacnpe^e- 
jieHHH ra30Bbix MOJiexyji b flaHHofi: sa^ane, HaiiTH npocpiuib pacnpeflejieHHs b 
nojiynpocTpaHCTBe MaccoBoii ckopocth ra3a, a TaK>Ke Hafirii 3HaHeHHe Mac- 
coboh ckopocth ra3a Ha rpaHime nojiynpocTpaHCTBa. 

HacTOHmasi pa6oTa nocB^meHa royHeHHio bjihhhhh KBaHTOBbix scpcpeK- 
tob Ha KHHeTiiHecKiie HBjieHHH b pa3pe>KeHHbix Bo3e-ra3ax. PaccMOTpeHiie 
BefleTca Ha npHMepe KjiaccHHecKoft sa^a^n 06 rooTepMHHecKOM CKOJib>KeHHH 
ra3a (sa^ana KpaMepca) B^ojib iijiockoh noBepxHOcrii [T] h [2]. PaccMaTpii- 
BaiOTCH KaK flHcpcpysHbie rpamiHHbie ycjiOBHH, TaK h sepKajibHO-fliicpcpysHbie 
rpaHHHHbie ycjiOBH^ MaKCBejuia. 

rpaHHHHbie ycjiOBHH, onHCbiBaiomHe BsaHMOfleHCTBiie MOJieKyji ra3a c no- 
BepxHOCTbio KOHfleHciipoBaHHOH (pa3bi, npnGjieKaiOT BHiiMaHiie Hccjie^oBa- 
Tejieft b TeHeHHe ^jiHTejibHoro BpeivieHH. 9Ta npo6jieMa no-npe>KHeMy ocTa- 

eTCH OTKpblTOH, B HaCTHOCTH, flJIH peajIbHblX nOBepXHOCTeil. B KOHKpeTHblX 

sa^anax iicnojib3yiOTC5i rjiaBHbiM o6pa30M MOflejibHbie rpaHHHHbie ycjiOBira. 

OflHO H3 TaKHX yCJIOBHH — 3T0 SepKajIbHO-flHCpCpySHbie rpaHHHHbie yCJIOBHH 

MaKCBejuia. Bee napaivieTpbi OTpa>KeHHbix MOJieKyji b sa^a^ax CKOJib>KeHH5i 
onpeflejiaiOTca npii stom oflHoft bcjihhhhoh — K03cp(pHij,HeHT0M 3epKajibHO- 

CTH, KOTOpblft HaCTO OTO^KfleCTBJMIOT C KOSCpCpHI^HCHTOM aKKOMOflai^HH TaH- 

reHirnajibHoro HMnyjibca MOJieKyji. 

IlpH HajiHHHH B^ajiH ot noBepxHOCTH rpafliieHTa TaHreHn,HajibHOH k no- 
BepxHOCTH KOMnoHeHTbi ckopocth ra3a B03HHKaeT CKOJibJKeHiie ra3a BflOJib 
noBepxHOCTH. TaKoe CKOJibJKeHHe Ha3bmaeTC5i hsotcpmhhcckhm [T] h [2]. 3a- 
flana KpaMepca (cm. PQ-[E]) coctoht b Haxo^K^eHiiii ckopocth H30TepMiiHe- 
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CKoro CKOJib>KGHii5i ra3a. 

IlycTb ra3 3aHHMaeT nojiynpocTpaHCTBO x > Ha^ iijiockoh TBep^oii ctgh- 
koh h flBH^eTCH BflOJib och y co cpe^Heii (MaccoBofi) CKopocTbio u y {x) . B^a- 
jih ot noBepxHOCTH Ha paccTO^HHH MHoro 6ojibineM cpeflHeii fljiirabi cbo6o,h,- 
Horo npo6era HacTHii, ra3a HMeeTca rpa^iieHT MaccoBofi (cpeflHeii) CKopocTH 
ra3a 

/du y (x)\ 

gv = ~Ti 

\ ax J x^+oo 

T.e. npOCpHJIb MaCCOBOH CKOpOCTH BflajIH OT CTGHKH MOJKHO IipeflCTaBHTb B 
BHfle 

u y {x) = u s i + g v x, x -)• +00. 

HajiHHiie rpa^neHTa MaccoBofi ckopocth Bbi3biBaeT CKOjib^KeHiie ra3a B^ojib 
noBepxHOCTH, Ha3biBaeivioe H30TepMiiHecKiiM . BejiirniHa u s i Ha3biBaeTC5i cko- 
pocTbio H30TepMHHecKoro CKOJib>KeHH5i (si = sliding = CKOJibJKeHiie) . 

ripii Majibix rpa^HeHTax g v CKopocTb H30TepMHHecKoro CKOJib>KeHHH npo- 
nopu;HOHajibHa BejiiiHiiHG rpafliieHTa: 

u s i = C m lg v . (1.1) 

S^eCb C m - K03(p(pHLI,HeHT H30TepMHHeCK0r0 CKOJIb>KeHH5I, / - CpeflHHH flJIHHa 

CBoSoflHoro npo6era nacTHu;. 

BejiHHHHa C m onpeflejrHeTCH KimeTHHecKHMH npoueccaMH b6jih3h noBepx- 
hocth. ^jra ee onpeflejiemia HeoSxoflHMO peniHTb KHHeTiinecKoe ypaBHemie 
b Tax Ha3biBaeMOM cjioe KrryflceHa, T.e. b cjioe ra3a, npiiMbiKaiomero k no- 
BepxHOCTH, TOJim,HHOH nopsiflKa fljiHHbi CBoGo^Horo npo6era /. 

B Ka^ecTBe KHHeTiinecKoro ypaBHeraia paccMOTpiiM o6o6meHiie Ha KBaH- 
TOBbift cjiynaii BrK-ypaBHeHHH (BxaTHarap, Tpocc, Kpyx) 

g + (W/) = *(/„ - /). (1.2) 

S^ecb / - (pyHKn;H5i pacnpeflejiemisi MOJieKyji no ckopocthm, v - CKopocTb 
MOJiexyji, v - scpcpeKTHBHaa nacTOTa ctojikhobghhh MOJieKyji, f eq - jiOKajibHO 
paBHOBecHaa (pyHKUM pacnpeflejieHiisi, 



feq ~ U (27TkT) 



3/2 



exp 



m(v — u)' 
2kT 
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BejiHHHHbi n, T, u 3aBHC5iT, BOo6m,e roBopa, ot KOop^HHaTbi r h onpe^e- 
jihiotch KaK 




HncjiOBaa njiOTHOCTb (KOHrj,eHTpaii,H5i) n KBaHTOBoro ra3a h ero Tetvinepa- 
Typa T b sa^ane Kpaiviepca CHHTaiOTC5i nocTO^HHbiMH. 



2 KHHeTHnecKoe ypaBHeHHe ^jia KBaHTOBbix 
Bo3e— ra30B c nocToaHHOH nacTOTOH ctojikhobghhh 



2.1 Bbmofl ypaBHeHHa 

PaccMOTpHM o6o6m,eHHe KHHeTimecKoro ypaBHGHHH (1.2) Ha cjiynaii KBaH- 
TOBoro Bo3e-ra3a. OyHKHHio f eq b (1.2) Tenepb 6yn,eM nomiMaTb KaK jic-KajibHO- 
paBHOBecHyio (pyHKniiio Bo3e 

f« = - Tg^A- £. = T (v-u). 

-l + exp(-^] 

S^ecb fi - xHMHHecKHH noTemjiiaji MOJieKyji [8], — oo < \i ^ 0. 

BiviecTO cooTHOineHHH (1.3)— (1.5) Tenepb HMeeM cjieflyiomHe cooTHOine- 
HH5i, BbiTeKaiomHe H3 3aKOHOB coxpaHeHiia HHCjia nacTHu,, HMnyjibca h 3Hep- 
rnii: 

J f eq Ridn = J fR t dn. (2.i) 

n (2s + l)ra 3 o 
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S - CIIHH (J)epMH-HaCTHII,bI, Ri = 1, 1?2 = fx, ^3 = v y , R4 = V z , i?5 = £*. 

PaccMOTpHM Tenepb npHMeHemie KHHeTiiHecKoro ypaBHGHHH (1.2) k 3a- 

flane O BblHHCJieHHH CKO-pOCTH H30TepMHHeCKOrO CKOJIb>KeHH5I KBaHTOBOrO 

Bo3e-ra3a. llpa stom orpaHHHHMca paccMOTpeHiieM Majibix rpafliieHTOB g Vl 
hto no3BOJi5ieT jiHHeapH30BaTb sa^aHy. B stom cjiynae TeMnepaTypa h koh- 
n,eHTpaD;H5i ra3a nocTO^HHbi. H3 cooTHonieHHH (2.1) cjie^yeT, hto BGjiiiHiiHa 
u coBna^aeT c MaccoBoii CKopocTbio ra3a (1.4). KpoMe Toro, tghghhg ra3a 
npe^nojico-KHM CTan,HOHapHbiM. 

JlHHeapH3yeM sa^any OTHOCHTejibHO paBHOBecHoft (pyHKL^iiii pacnpe^ejie- 
Hii5i Bo3e— 3iiHniTeHHa (6o3eaHa) fs 



f B = 



1 



1 + exp 



£ = 



mv 



/i 



kT 



HaHHeM c jiHHeapii3aii,HH jioKajibHO paBHOBecHoii cpyHKi^iiii pacnpe^ejie- 
HHa f eq . Ee jiHHeapH3yeivi OTHOCHTejibHO 6o3eatra fs no Macco-Boii ckopocth 



u: 



feq feq 
HTO npHBOflHT K Bbipa>K6HIIIO 



df 



eq 



u=0 



du 



feq = fB(v)+g F (v) 



u=0 



mv, 



u, 



kT Uy ' 

b kotopom /b{v) - a6cK)jiK)THbiH 6o3eaH (cm. piic. 1). 

f B (v) = 1 



(2.2) 



— 1 + exp 



9b{v 



(mv 
exp I 



mv 
2kf 

2 



JJ_ 

kT 



2kT kT 



/mv' 



/i 



- 1 + exp Ur kT, 

OyHKipia gp{v) Ha3biBaeTca cpyHKi^iieii 3HHiirreHHa (cm. piic. 2). 



m 



BBe^eM 6e3pa3MepHyio CKopocTb C = \f]3v, (3 = -ttt^, h 6e3pa3MepHbiii 



/i 



2kT 



(npHBefleHHbiii) xhmhhcckhh noTeHijHaji a = — - . B sthx nepeMeHHbix bm- 

KJ- 

pajKemie (2.2) 3aniiCbiBaeTC5i KaK 

fe q = f B (C) + 2g B (C)C y U y (x), (2.3) 
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Phc. 1: IIoBe^eHHe a6cojiioTHoro 6o3eaim npii 3HaneHH5ix 6e3pa3MepHoro XHMnoTeimii- 
ajia a = — 1 (KpiiBaa 1) h a — —2 (xpHBaa 4), a6cojiioTHoro MaKCBejijmaHa fM\y) — 
exp(— c 2 )/a/7t (xpHBaa 2) h aGcojiioTHoro (pepMnaim (xpHBaa 3) ripn a = —1. 



npii 3tom b (2.3) U y (x) = \f]3uy(x) - 6e3pa3MepHa5i MaccoBa^ CKopocTb, 

f (r\ - 1 n (r \ - exp(C 2 - a) 

-l + exp(C 2 -a) [_ l + exp(C 2 -a)] 

(rpa(J)HKH 3THX (pyHKI^HH cm. Ha pnc. 1 II 2). 

CorjiacHO (2.3) cpyHKiniio pacnpe^ejieHira 6yn,eM HCKaTb b Bii^e 

/ = f(x, C) = f B (C) + g B (C)C y h(x, C x ). (2.4) 



rioflCTaBjiHH (2.3) ii (2.4) b ypaBHeHiie (1.2), npiixofliiM k ypaBHeHiiio 

dh 

dx 



c) h 

C x — = u^(2U y (x)-h(x,C x )). 
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Phc. 2: IIoBefleHHe (pymajHii gs(c, a) = n P H 3HaHeHH3x 6e3pa3MepHoro xhmiio- 

Temjiiajia a = — 1, —1.25, —1.5) (KpiiBbie 1, 2, 3) 



flajiee yn,o6HO bbccth 6e3pa3MepHyio KoopflimaTy x\ = xv\fj3. IlojiyHHM 
cjie^yioinee ypaBHeHiie 

dh 

C x — = 2U y (x 1 ) - /hOi, C x ). (2.5) 
fdu v (x)\ 

ra3MepHbiii rpa^neHT g v = I — I npii nepexo^e k 6e3pa3Mep- 

V dx J x^+oo 
hoh KoopflHHaTe x\ npeo6pa3yeTCH cjie^yiomHM o6pa30M: 

q = f dU y( x i) \ = ^(<W\ . 

V dX\ J x^+oo \ dx J x-^+oo dx\ 

OTKyn,a 

r - 9v 

V 
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MaccoBasi CKopocTb ra3a MC»KeT 6biTb Han^eim H3 3aKOHa coxpaHGHH5i 
HMnyjibca (2.1), KOTopbiii b 6e3pa3MepHbix napaivieTpax HMeGT bh^ 

/ c y (f eq - f)dn = o, 

HJIH, 

/ C 2 y9B (C) 
OTKy^a nojiynaeM 

/ C 2 g B (C)h(x h C x )d 3 C 

U y ( Xl ) = J - . (2.6) 

2 J C 2 g B (C)d 3 C 

3aivieTHM, hto nocjie jiHHeapH3an,HH MaccoBOH CKopocTH (1.4), T.e. nocjie 
no^CTaHOBKH b (1.4) Bbipa>KGHii5i (2.4), npuxoflHM k cjieflyiomeMy Bbipa>Ke- 

HHK) 

f C 2 g B (C)h(x h C x )d 3 C 

Uy(xi) = 1 J • (2.7) 

J f B (C)d 3 C 

3HaivieHaTejiH b (2.6) h (2.7) hmgiot pa3JiHHHbie Bbipa>KeHii5i. IloKa>KeM, 

HTO 3TH Bbipa>KeHH5I COBIiaflaiOT. 

riepeiifleM k ccpepiiHecKiiM KoopflimaTaM 

C x = C cos 9, C y = C sin9 cos ip, C Z = C sin 6 simp, 

d 3 C = C 2 sin OdtpdC. 
Tenepb nojiy^aeM, hto 3HaivieHaTejib H3 (2.7) paBeH 

fB (C)*c = **J _ 1 + expicl _ a) = *,fH«), 

r^e /^(ck) - BTopoii (BToporo nop^flKa) nojiynpocTpaHCTBeHHbiii momcht a6- 
cojiiOTHoro 6o3eaHa 

oo 

f((a) = J f B (C)C 2 dC. 
o 



2U y (x 1 ) - h(xi, C x ) 



d 3 C = 0, 
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Ilocjie HHTerpiipoBaHM no nacT5iM nojiynaeM /^(cm) = — l B (a), vj\q 



oo 



/5(a) = J l n (l - eX p(a - C 2 ))dC = i J ln(l - exp(a - C 2 ))dC. 

-oo 

3HaivieHaTejib H3 (2.6) paBeH 

2 J C 2 g B (C)d'C=^-g*(a), 



r#e 

= f/if («)■ 

CjieflOBaTejibHO, 3HaMeHaTejib H3 (2.6) paBeH: 

2 1 C>(C)A = f ■ §/*(a), 

hto h 03HanaeT coBna^eHHe (popMyji (2.6) h (2.7). 

B HHCJiHTejie (2.6) yn,o6Hee nepenrn k nnjiHHflpnnecKHM Koop^HHaTaM, 
nojiaraa C 2 = C, 2 , + C 2 , C y = C_l sin<^, d 3 C = C±dC±dC x dip. flajiee nojiy- 
naeivi: 

OO OO 2-7T 

y C%g B (C)h(x 1 ,C x )<PC= J h(x h C x )dC x J Clg B (C)dC ± J cafipdip = 

-oo 



oo 



7 J [-l + exp(C2 + C^-a)] 2 

-oo 

BbiHHCjiHH BHyTpeHHHH HHTerpaji no nacT^M, HMeeM: 

oo 

J C 2 g B (C)h(x h C x )d'C = -^ J \n{l-e^{a-C 2 x ))h{x h C x )dC, 



-oo 



CjieflOBaTejibHO, MaccoBasi CKopocTb BbinncjraeTca no cpopMyne 

oo 

t/y(»i) = ^T^y J ln(l - exp(a - C 2 ))h(x h C x )dC x . (2.8) 



'0 

— oo 



BBe^eM (J)yHKn,Hio 

ln(l — exp(a — fi 2 )) ln(l — exp(a — /i 2 )) 



J ln(l — exp(a — r 2 ))dr 



— oo 



r^e fi = C x . 

3t& (J)yHKii,HH oSjiaflaeT cbohctbom 



DO 

y KB^iO^dji = 1, Va G (— oo, +00). 



-00 



ln(l - e a ^ ) 
2*?(a) 

HeTHnecKoro ypaBHeHHa (cm. puc. 3). 
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Kb(/2, a) = : = — , (2.9) 



CeMeiicTBO cpyHKi^HH Kb(^,cy) = TTTb} — \ Ha3BiBaeTC5i a^poM kh- 




Phc. 3: IloBe^eHHe a^ep KimeTHHecKoro ypaBHeHHH Kb{^, a) fljia Bo3e-ra3a npii pa3JiHH- 
hl»ix 3HaieHHHx 6e3pa3MepHoro ximnoTeimHajia. KpuBaa 1 oTBenaeT 3HaHeHHio a = — 1, 
KpiiBasi 2 - 3HaHeHHio a = —2, KpiiBas 3 oTBenaeT a6cojiioTHOMy MaKCBejuinaHy /m(a*) = 
exp(-^ 2 )/ v /7r. 
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MaccoBaa CKopocTb corjiacHO (2.8) h (2.9) paBHa 

oo 

U y (xi) = i J K B (ji\ a)h(x h jj!)dn'. (2.10) 



-oo 



TaKHM o6pa30M, corjiacHO (2.10) ypaBHeHHe (2.5) npe^CTaBHM b CTaH^apT- 
hom fljia TeopHH nepeHOca BH^e: 

oo 

fJ--^- + h(x h /i) = J KB(fj!,a)h(x h fi , )dfi', ( 2 -H) 



-oo 



HJIH, B 5IBHOM BHfle 



oo 



dh i r 

li- h h(x h /i) = / ln(l - exp(a - /i ,2 ))h(x h /i') d/i'. (2.12) 

oxi 2/(f(a) J 



— oo 



2.2 Ilpe^ejibHbra cjiynan ypaBHemia 

PaccMOTpHM npeflejibHbiii cjiynasi ypaBHemiii (2.12) npn a — > — oo. B 
3tom cjiynae 

,■ / \ i- ln(l + exp(a-^ 2 )) 

hm K B {n,a)= lim — = 

— ^ — oo a— oo 



J ln(l + exp(a — u 2 )) du 

— oo 

exp(— ^i 2 ) exp(— ^i 2 ) 



oo , , r _ 

J exp(— w 2 ) <iw 

-oo 



h Mbi nojiynaeM ypaBHeHHe 

oo 



dh 1 /" 

li-j^ + h(x\,ii) = -j= J exp(-// 2 )/i(zi,//)d//, 



-oo 



KOTopoe HBjiaeTca BTK-ypaBHeHHeM fljra c-flHoaTOMHbix ra30B c nocTOHHHOH 

HaCTOTOH CTOJIKHOBeHHH MOJieKyjI. 
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2.3 IlocTaHOBKa 3a^aHH KpaMepca 

Sa^aHHe rpa^HeHTa MaccoBoii ckopocth (2.2) 03HanaeT, hto B^ajiH ot 
CTeHKH pacnpeflejieHiie MaccoBoii ckopocth b nojiynpocTpaHCTBe HMeeT jih- 

HeHHBIH pocT 

u y (x) = u s i(a) + g v x, x — V +oo, 

Tfle Uslia) - HeH3BeCTHa5I CKOpOCTB CKOJIb:>KeHHSI. 

YMHO>Ka5i 3to paBGHCTBO Ha ^f]3 ii yHHTbreaa CB5i3b pa3MepHoro II 6e3- 
pa3MepHoro rp a^iieHTOB g v = vG Vl fljis 6e3pa3MepHoii MaccoBoii ckopocth 
nojiynaeivi 

Uy(xi) = U s i(a) + G v xi, x\ ->• +oo. (2.13) 

SepKajibHO-fliicpcpysHoe OTpa>KeHiie Bo3e-HacTHH, ot noBepxHOCTH 03Ha- 
naeT, hto nocjie^HHe OTpa>KaiOTC5i ot ctchkh, HMea 6o3eeBCKoe pacnpeflejie- 
Hiie, T.e. 

f( x = 0, v) = qf B (v) + (1 - q)f(x = 0, -v x , v y , v z ), v x > 0, (2.14) 

r^e ^ q ^ 1, q - KOScpcpHHHeHT /picpcpysHOCTH, /b(i>) - aGcojnoTHbiii 
6o3eaH. 

B ypaBHGHiiii (2.14) napaivieTp q (KoacpcpHuneHT ^ncpcpysHOCTH) - nacTb 
MOJiexyji, paccenBaioiii,nxc5i rpaHHueii fliicpcpysHO, 1 — q - nacTb MOJiexyji, 
pacceHBaio muxes 3epKajibH0. 

yHHTbiBaa, hto (pyHKu;nio pacnpeflejieHHH mm nmeM b Bii^e (2.4), H3 ycjio- 
Bii5i (2.14) nojrynaeM rpaHHHHoe ycnoBHe Ha CTemce Ha (pyHKHiiio h{x\,ii): 

h{0,fj,) = (l-q)h{0,-fi), ii >0. (2.15) 

BTopbiM rpaHHHHbiM ycjiOBHeM 5iBji5ieTC55 rpaHHHHoe yCJIOBHe "BflajIH OT 
CTeHKH 1 ' . 3thm ycjiOBHeM 5iBji5ieTC5i cooTHonieHHe (2.13). llpeo6pa3yeM sto 
ycjiOBHe Ha cpyHKHHio h(xi, fi). YcjiOBHe (2.13) 03HanaeT, hto B^ajiH ot CTeH- 
KH MaccoBasi CKopocTb nepexoflHT b CBoe acuMirroTHHecKoe pacnpe^ejieHHe 

m s {x l ) = U s i{a) + G v x l . 
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Bbipa>KeHHe fljra MaccoBOH ckopocth (2.8) 03HaHaeT, hto B^ajiH ot CTernai 
(pyHKi^iisi h(xi, /i) nepexoflHT b CBoe acHMirroTHHecKoe pacnpeflejieHne 

h as (xi,n) = 2U s i(a) + 2G v (x 1 - /i), 

Ha3bmaeMoe pacnpe^ejieHiieM MenMeHa— 9HCKora (cm., HanpHMep, pQ, [2], 

H)- 

TaKHM o6pa30M, BTopbiM rpaHHHHbiM ycjiOBHeM HBji5ieTCH ycjiOBHe: 

h(xi, fi) = 2U s i(a) + 2G v (x\ — //), x — > +oo. (2.16) 

Tenepb sa^ana KpaMepca npii ycjiOBHH nojiHoro fliicpcpysHoro OTpa>KeHH5i 
Bo3e-HacTHii, ot ctghkii ccpopMyraipoBaHa nojiHOCTbio h coctoht b penieHHH 
ypaBHeHHH (2.12) c rpamiHHbiMH ycjiOBH5iMH (2.15) h (2.16). llpn stom Tpe- 
6yeTca onpeflejiHTb 6e3pa3MepHyio CKopocTb CKOJib>KeHH5i U s i(a)^ BejiiiHima 
rpafliieHTa G v CHHTaeTCH sa^amion. 

3 BKJIIOHeHHe rpaHHHHBIX yCJIOBHH B KHHeTHHeCKOe 

ypaBHeHHe 

llpoflOJi^KHM (pyHKi^Hio pacnpeflejieHiisi Ha conp^>KeHHoe nojiynpocTpaH- 

CTBO CHMMeTpHHHbIM o6pa30M: 

/(£, x, v) = f(t, -x, -v x , v y , v z ). (3.1) 

npoflOJDKeHiie corjiacHO (3.1) Ha nojiynpocTpaHCTBO x < no3BOJi5ieT 
BKjiiOHHTb rpaHHHHbie ycjiOBHH b ypaBHeHHH saflanH. 

TaKoe npoflOJi^eHHe (pyHKi^iiii pacnpeflejiemisi Ha nojiynpocTpaHCTBO x < 
no3BOJiaeT (paKTH^ecKH pacciviaTpHBaTb ^Be sa^aHH, o^Ha H3 KOTopbix 
onpeflejieHa b ''nojio^KHTejibHOM 11 nojiynpocTpaHCTBe x > 0, BTopaa - b ot- 
pHii,aTejibHOM "nojiynpocTpaHCTBe" x < 0. 

CcpopMyjiiipyeM sepKajibHO-fliicpcpysHbie rpaHHHHbie ycjiOBira ^jra (pyHK- 
d,hh pacnpeflejieHHH cooTBeTCTBeHHO fljia "nojio>KHTejibHoro" h fljia "oTpii- 
u;aTejibHoro" nojiynpocTpaHCTB: 

/(*, +0, v) = qf {v) + (1 - q)f{t, +0, -u,, «„, uj, v x > 0, (3.2) 
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f(t,-0,v)=qfo(v) + {l-q)f{t,-0,-v x ,v y ,v z ), v x <0. (3.3) 

r^e q - KOScpcpHiriieHT ^H(pcpy3H0CTii , ^ q ^ 1. 

B ypaBHeHH^x (3.2) h (3.3) napaivieTp q (KOScpcpHi^neHT flii(p(py3HOCTii) 
- HacTb MOJieKyji, pacceimaiomiixcsi rpaHnueft fliicp(py3H0, 1 — q - nacTb 
MOJieKyji, pacceiiBaioiii,iixc5i 3epKajibH0, T.e. yxo^miie ot CTeHKii MOJieKyjibi 
HMeiOT MaKCBejuiOBCKoe pacnpeflejieHiie no CKopocraM. 

flajiee 6e3pa3MepHyio KOopflimaTy x\ CHOBa 6ya;eM o6o3HaHaTb nepe3 x. 

CorjiacHO (2.4) h (3.1) mm HMeeM: 

h(x, fi) = h(—x, — //), fi>0. 

Ha (pyHKUHio h{x, fi) b ''nojK»KirrejibHOM'' ii "oTpHii,aTejibHOM" nojiynpo- 
CTpaHCTBax nojiynaeivi o^ho ii to >Ke ypaBHemie ypaBHemie: 

oo 

dh f 

li— — \-h(x,fj,)= / KbU, a)h(x,t) dt, (3.4) 
ox J 

— oo 

ii cooTBeTCTBGHHO cjie^yiomiie rpaHHHHbie ycjiOBiisi: 

h(+0, n) = (l- q)h(+Q, -fi) = (1 - q)h(-0, /i > 0, 

M-o, = (i - <?)M-o, -^) = (i - q)H+o, n), iko. 

ripaBaa nacTb ypaBHGHira (3.4) ecTb ynBoemiasi MaccoBasi CKopocTb ra3a: 

oo 



U(x) = J KB(t,a)h(x,t)dt. 



— oo 



IlpeflCTaBiiM (pyHKi^iiio h(x, /j) b Bii^e: 

h(x, fi) = h^ s (x, fi) + h c (x, //), ecjiii ± x > 0, 

r^e aciiMriTOTHHecKasi nacTb (pyHKiriiii pacnpeflejieinra (Tax Ha3biBaeivia5i nenivieH- 
SHCKoroBCKasi (pyHKn,HH pacnpeflejieHH^) 

ha S (x, ji) = 2U s i(q, a) ± 2G v (x — //), ecjiii ± rc > 0, (3.5) 

Taioice 5iBji5ieTC5i peniemieM KiiHeTimecKoro ypaBHGHii5i (3.4). 
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SfleCb U s l(q,Ct) - eCTb HCKOMaSI CKOpOCTb II30TGpMHHGCK0r0 CKOJIb>KeHH5I 

(6e3pa3MepHaa) . 

Cjie^OBaTejibHO, (pyHKn,Ha h c (x, ji) TaKJKe yzjoBjieTBopaeT ypaBHGHiiio (3.4): 



oo 



dh c f 
H-rT^ + h c (x,/j) = / K B (t,a)h c (x,t)dt. 



— oo 



Tax KaK B^ajiH ot ctchkh {x — > ±00) cpyHKirM pacnpeflejieHHa h{x, fi) 
nepexoflHT b neriMeH— SHCKoroBCKyio h^ s (x, //), to cpyHKxjiiH h c (x, //), ot- 
BenaioineH HenpepbiBHOMy cneicrpy, nojiynaeivi cjie^yioinee rpamiHHoe ycjio- 
Biie: /i c (±oo, fi) = 0. 

OTCiofla fljia MaccoBoii CKopocTH ra3a nojry^aeM: 

U c {±oo) = 0. (3.6) 

OTMeTHM, hto b paBeHCTBe (3.5) 3HaK rpa^HeHTa b ''oTpHirarejibHOM'' 
nojiynpocTpaHCTBe MeH5ieTC5i Ha npoTHBonojio^KHbifi. IlosTOMy ycjiOBiie (3.6) 
BbinojiH5ieTC5i aBTOMaTHnecKH fljia (pyHKi^HH h^ s (x,fi). 

Tor^a rpaHHHHbie ycjiOBHH nepexofl^T b cjie^yioiuHe: 

h c (+0,/i) = 

= -h+ s (+0, 11) + (1 - q)h+ s (+0, -fj) + (1 - g)/i c (+0, -fi), » > 0, 

h c {-0,{i) = 

= -h- s (-0, fj) + (1 - (-0, -a*)(1 - g)/i c (-0, -//), /x < 0. 

0603HaHHM 

h±(/i) = -2qU sl (q,a) + (2 - q)2G v \/i\- 
H nepennnieM npeflbiflymiie rpaHHHHbie ycjiOBira b BH^e: 

/i c (+0, //) = 4 (//) + (1 - g)/i c (+0, -//), /i > 0, 
/i c (-0, /i) = Kq (fi) + (1 - q)h c (-0, -/i), \i < 0, 

r^e 

&o M = -^(0, + (1 - g)/£(o, -lu) = 
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= -2qUsi(q,a) + (2-q)2GM- 
y^HTbiBaH CHMMeTpHHHoe npoflOJi^eHne (pyHKnnn pacnpeflejiemra, nivie- 

eM 

h c (-0, -n) = /i c (+0, +//), /i c (+0, -//) = /i c (-0, +//). 
CjieflOBaTejibHO, rpaHnnHbie ycjiOBna nepennniyTca b BH^e: 

/i c (+0, = 4 M + (1 - q)h c (-0, fj), n > 0, (3.7) 
/i c (-0, //) = h (fi) + (1 - g)/i c (+0, //), ^ < 0. (3.8) 

Bkjiiohhm rpaHHHHbie ycjiOBna (3.7) h (3.8) b KHHeranecKoe ypaBHeHHe 
cjie^yioinHM o6pa30M: 

dh r i 

^~di + ^ ^ = 2Uc ^ + r° ^ " qhc ( ±0 > ti\ s w> ( 3 - 9) 

r^e U c (x) - nacTb MaccoBoii ckopocth, OTBenaioina5i HenpepbiBHOMy cneKTpy, 

oo 

2U c (x) = J K B (t,a)h c (x,t)dt. (3.10) 

— oo 

YpaBHeHHe (3.9) co^epjKHT flBa ypaBHeHHe. B "nojico-KHTejibHOM 11 nojiy- 
npocTpaHCTBe, T.e. npn x > b npaBoii nacra ypaBHeHHe (3.9) cjie^yeT B3siTb 
BepxHHH 3HaK "njiioc" , a b "HH>KHeM" nojiynpocTpaHCTBe, T.e. npn i<0b 
npaBoii nacra Toro >Ke ypaBHeHHe cjie^yeT B3^Tb 3HaK " MiiHyc " . 

B caMOM flejie, nycTb, HanpHMep, \i > 0. nponnrerpnpyeM o6e naern 
ypaBHeHHe (3.9) no x ot — e j\o +e. B pe3yjibTaTe nojrynaeM paBeHCTBo: 

h c (+e, fj) - h c (-e, fi) = h^(fj) - qh c (-e, 

OTKy^a nepexofla k npe^ejiy npn e — > b tohhocth nojiynaeM rpaHnnHoe 
ycjiOBHe (3.7). 

Ha ocHOBaHHH onpeflejieHHH MaccoBoii ckopocth (3.10) 3aKjnonaeM, hto 
fljra Hee BbinojiH5ieTCH ycjiOBHe (3.6): £/ c (+oo) = 0. CjieflOBaTejibHO, b no- 
jiynpocTpaHCTBe x > npocpnjib MaccoBoii ckopocth ra3a Bbinncji5ieTC5i no 
cpopMyne: 

oo 

U(x) = U as (x) + ^ J K B (t,a)h c (x,t)dt, (3.11) 

— oo 
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a B^ajiH ot ctghkh HivieeT cjie/iyiomee jiHHeiiHoe pacnpeflejieHiie: 

Uasix) = U si (q, a) + G v x, x ->• +00. (3.12) 



4 KHHeTHnecKoe ypaBHeHHe bo btopom h neTBepTOM 
KBa^paHTax 4>a30Boro npocTpaHCTBa 

Peniaa ypaBHeHHe (3.9) npn x > 0, fi < 0, CHHTaa sa^aHHbiM Macco- 
Byio CKopocTb U(x) : nojiynaeM, ynpBjieTBopsra rpamiHHbiM ycjiOBMM (3.8), 
cjie^yiomee penieHiie: 

+00 

h+(x,n) = -iexp(--) / exp(+-)2[/ c (£) eft. (4.1) 

X 

AHajiorHHHO npn x < 0, fi > HaxoflHM: 



-00 



1 X [ t 

h~(x,fi) = — exp( — ) / exp(+-)2U c (t) dt. (4.2) 

X 

Tenepb ypaBHeHHe (3.9) h (3.10) mojkho nepemicaTb, 3aivieHiiB BTopoft 
HjieH b KBaflpaTHoii CKo6Ke H3 (3.9) corjiacHO (4.1) h (4.2), b BH^e: 

dh r 1 

/i—^ + h c (x, fi) = 2U c (x) + h (//) - qh c (0, /i) 8(x), (4.3) 



dx 



00 



2C/ C (x) = J K B (t,a)h c (x,t)dt. (4.4) 

—00 

B paBeHCTBax (4.3) rpaHHHHbie 3HaHeHii5i /^(O,//) Bbipa>KaK)TC5i Hepe3 
cocTaBji5nomyio Maccc-Boil CKopocTH, OTBeHaiomeii HenpepbiBHOMy cneKTpy: 

±00 

h±(0,n) = --e- x/,i f e t, nU c {t)dt = h c {±Q, l i). 
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Pememie ypaBHCHiiii (4.4) h (4.3) Hin,eM b BH^e HHTerpajiOB Oypbe: 



1 



oo 



oo 



2U c (x) = — I e lkx E(k) dk, 



ikx 



(4.5) 



-OO 



-oo 



hc(x,V>) = ^ I e lkx <P(k,/i)dk. 



(4.6) 



— oo 



ripii 3tom (pyHKi],HH pacnpeflejieHHH h^(x,fi) Bbipa>KaeTC5i Hepe3 cneK- 
TpajiBHyio njiOTHOCTb E(k) MaccoBoii ckopocth cjie^yioinHM o6pa30M: 

+oo +oo 

h+(x,fi) = — exp(--) / exp(H — )dt— I e lkt E(k)dk = 
\i \i J n 2ir J 

x — oo 



AHajiorHHHO, 



1 r e lkx E(k) 
2tt J 1 + ikji 



dk. 



— oo 



TaKHM o6pa30M, 



1 f e lkx E{k) 



K {x, li) = — 



2ty J 1 + ikfjL 



dk. 



-oo 



oo 



1 f e lkx E{k) 

J "TT 



+ ikfi 



dk. 



— oo 



Hcnojib3y5i neTHOCTb (pyHKL^iiii E(k) ^ajiee nojiynaeM: 

oo oo o 

E(k) 



1 t E(k)dk 1 f E(k)dk 
+ ikn 2w J 1 + fcV »i 1 + *V 

— oo — oo 

Tenepb c noMom,bio paBeHCTBa (4.7) ypaBHemie (4.3) mojkho nepenncaTb 
b BH^e: 



dh c 



oo 



9 / dife 



S(x), (4.3') 
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5 XapaKTepHCTHnecKaa CHCTeMa 



Tenepb noflCTaBHM HHTerpajibi Oypbe (4.6) h (4.5), a TaK>Ke paBeHCTBO 
(4.7) b ypaBHeHHH (4.3) h (4.4). IIojiyHaeM xapaKTepiiCTHHecKyio cucTeMy 
ypaBHeHHii: 

n)(l + ikji) = 



= E(k) + \n\ 



oo 



2qU sl (q, a) + 2(2 - q)GM - i / 

7T j 1 K>il-l 



oo 



£7(Jfe) = y K(t,a)<S>(k,t)dt. 

— oo 

Ife ypaBHGHH5i (5.1) nojiy^aeM: 



(5.1) 



(5.2) 



1 + ik/i 



oo 

-2 g C/ s;(g ,«) + 2(2- g )G„H-f/f^0 



(5.3) 



IloflCTaBHM Bbipa>KeHHe fljia (pyHKi^HH /J,) , onpe^ejieHHoe paBeHCTBOM 
(5.3), b (5.2). IlojiyHaeM, hto: 



£(fc)L(fc) = -2g[/ s/ (g, a)Ti(fc) + 2(2 - q)G v T 2 (k)- 

oo oo 

-1 j E {kl )dh j j-^'^ 





+ ifa)(l + fc?* 2 )' 



(5.4) 



-oo 



Sflecb 



oo 

T n (k) = 2 y ^VT.;",," , n = 0,l,2,3..., 



K B (t,a)t n dt 
+ kH 2 



o 



npH^eM fljia HeTHbix n 

oo 



r„w = 2 y ^ 



K B {t,a)t n dt [ K B {t,a)t n dt 



+ W 7 1 + /c 2 £ 2 

-oo 



, n = 0,2,4,. 
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Kpoivie Toro, 

oo 

K B (t, a)dt 



+ ikt 

— oo 

HeTpyzmo BH^eTb, hto 

oo 



— oo 



_ /" K B (t,a)dt _ 2 > K B (t,a)t 2 dt 2 /" K B (t,a)t 2 dt 
~ J 1 + kH* ~ J 1 + kH 2 ~ J 1 + kH* ' 

-oo 

HJIH, KpaTKO, 

L(fc) = /c 2 T 2 (£;). 

KpoMe Toro, BHyTpeHHiifi HHTerpaji b (5.4) npeo6pa3yeM h o6o3HaHHM 
cjie^yioinHM o6pa30M: 

oo oo 

/" AT g (t, o;)|t|dt ? K B (t,a)tdt 

J {l+ikt)(l + klt*) J (l + fc 2 * 2 )(l + A# 2 ) 

-oo 

3aMeTHM, HTO 

J(fc,0)=7i(fc), J(0,/c 1 ) = r 1 (/c 1 ). 

IlepenHnieM Tenepb ypaBHemie (5.4) c noMombio npeflbiflymero paBGHCTBa 
b cjie^yioineM BH^e: 

E(k)L(k) = -2qU al (q, a)Ti(fc) + 2(2 - q)G v T 2 {k)- 

oo 

-| y J{k,k l )E{k l )dki. (5.5) 
o 

ypaBHemie (5.5) ecTb HHTerpajibHoe ypaBHeHHe OpemxwibMa BToporo po- 
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6 Pha HeHMaHa 



CnHTaa rpa^iieHT Maccc-Boii ckopocth b ypaBHemiii (5.5) sa^aHHbiM, pa3- 
jic»khm penieHHH xapaKTepiiCTHHecKoft CHCTeMbi (5.3) h (5.5) b pa^ no CTe- 
neHHM KOScpcpHuneHTa /nicpcpysHOCTH q: 

E{k) = G v 2{2 - q) \E {k) + q E x (k) + q 2 E 2 {k) + •••], (6.1) 



<P(k, fj) = G v 2(2 - q) \$ (k, n) + q<Pi(k, fj) + q 2 <S> 2 (k, //) + •• 
CKopocTb CKOJib>KeHHH U s i(q,a) npn 3tom 6yp£M HCKaTb b BH^e 



U s i(q,a) = G, 



2-q 



(6.2) 



(6.3) 



U + U iq + U 2 q 2 + • • • + U n q n + • • 

IloflCTaBHM p^flbi (6.1)-(6.3) b ypaBHeHHH (5.3) h (5.5). riojiynaeM cjie- 
flyioinyio CHCTeiviy ypaBHeHHii: 

(1 + ikfi) [$ (h, /d) + $i(h, Li)q + $ 2 (fc, ^)^ 2 + •••] = 

= [E (/c) + Ei(k)q + £ 2 (% 2 + •••]- (C/ + ^i<2 + ^ + ■ ■ • )M+ 

oo 

.2 I i9 /' ^o(fci) + ^i(fci)g + £; 2 (fc 1 )g 2 + --^ 7 ^ 



[£oW+£i(%+£2(% 2 +- ••]£(&) = -[C/ +^+^ 2 +- • • ]Ti(fc)+T 2 (fc)- 

oo 

-| y J(fc,/c 1 )[E (A; 1 )+E 1 ^ 1 )g + E 2 ^ 1 )g 2 + ---]^ 1 . 
o 

IlocjieflHHe HHTerpajibHbie ypaBHemiH pacnaflaiOTCH Ha SKBHBajieHTHyio 
6ecKOHeHHyio cnereMy ypaBHeHHii. B HyjieBOM npH6jiH>KeHHH nojiynaeivi cjie- 
flyioiiryio CHCTeiviy ypaBHeHHii: 



E (k)L(k) = T 2 (k)-U T 1 (k) : 

$o(k, n){l + ikfi) = E (k) + ii 2 - Uq\ii\ 
B nepBOM npH6jiH>KeHHH: 



(6.4) 
(6.5) 



oo 

£?i(fc)L(fc) = -UiTi(k) - i J J(h, k^Eoik^dh, (6.6) 
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oo 

+ikn) = E l (k) - UM - (6-7) 



Bo BTOpOM npil6jIH>KGHIIH ! 



oo 

E 2 (k)L(k) = -U 2 T!(k) - i y J(fc, k^E^h) dk 2 , (6.8) 

o 

oo 

3> 2 (^)(1 + *M = s 2 (fc) - c/ 2 |mI - ^/ y^pr- (6-9) 



B n-M npii6jiii>KeHHii nojiynaeM: 



oo 



E n (k)L(k) = -U n T x {k) - i y J(fc, k n )E n ^(k n )dk n , (6.10) 



$ n (fc,/z)(l + ifyz) = £7 n (fc) - C/n|/^|- 

oo 

/ E n _i(k n )dk 



7T J 1 + 





, n = l,2,3,---. (6.11) 



6.1 HyjieBoe npnGjinsceiffle 

Ife (popiviyjibi (6.4) fljia HyjieBoro npn6jiH>KeHH5i HaxofliiM: 

T 2 (k) - UpT^k) 

Eo{k) = — W) — ' ( ' 

HyjieBoe npn6jiH>KeHHe MaccoBoii CKopocTH Ha ocHOBamiii (6.12) paBHo: 

oo 

Uf\x) = Gv 2 ^- f e ikx E {k) dk = 



— oo 

oo 



. G ^/ e -«p) d , (6 , 3) 



— oo 
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CorjiacHO (6.13) h8jio>khm Ha HyjieBoe npn6jiH>KeHHe MaccoBoii CKopocTH 
Tpe6oBaHHe: U c (+oo) = 0. 3to ycjiOBiie npHBOfliiT k TOMy, hto noflbiHTe- 
rpajiBHoe BbipajKeHiie H3 HHTerpajia Oypbe (6.13) b TOHKe k = KOHenHO. 
Cjie^OBaTejibHO, mm ^oji^KHbi ycTpamiTb nojiioc BToporo nop^flKa b tohk© 
k = y (pyHKi^iiii Eo(k). 

3aMeHaa, hto 



OO 



oo 



T 2 (0)= J t 2 K B (t,a)dt = ^— J t 2 \n(l 



- e a -'')dt = 



-OO 



OO 



-oo 

OO 



Ti(0) = 2 / tK B (t,a)dt = -J-- f t\n(l 

o o 
HaxoflHM HyjieBoe npn6jiH>KeHHe Uq: 

OO 



- e a -^)dt = 



r 2 (Q) 

71(0) 



/ t 2 ln(l-e a -^)dt 



— oo 



2/*]n(l-e«-* 3 )d* 



3aMGTIIM, HTO 



7T 



t/ (-oo) = ^— = 0.8862, t/ (0) = 0.7227. 



HaiifleM nucjiHTejib Bbipa>KeHH5i (6.12): 
T 2 (k) - UoT^k) = T 2 (k) 



r 2 (Q) 
ri(o) 



Tx(A;) = 



7\(0) 



3aMeHaa, hto 



Ti(0)T 2 (A;)-T 2 (0)Ti(A;) 
k 2 t 2 



1 



1 + /c 2 £ 2 



= 1 



1 + JW 



nojiynaeM 

T 2 (fc) = T 2 (0) - fc 2 T 4 (fc), Ti(fc) = Ti(0) - fc 2 T 3 (fc) 
OTKyija 

Ti(0)T 2 (k) - r 2 (0)Ti(fc) = k 2 \T 2 (0)T 3 (k) - T 1 (0)T 4 (fc) 
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Cjie^OBaTejibHO, mm nojiyHaeM: 



T 2 (k) - tfoTi(fc) = 



k' 



T 2 (0)T 3 (k) - T^T^k) 



^(fe)Ti(O) 

hjih, yHHTbiBa^, hto = k 2 T2(k) , 3anHineM npeflbiflymee paBeHCTBO ko- 



poHe, 



ipo(k) 



rfle 



V?o(^) = 

CorjiacHO (6.5) HaxoflHM: 



r 2 W 
r 2 (o)r 3 (fc)-ri(o)r 4 (fc) 

Ti(0) 
Eo(k) + Ai 2 - UM 



h, cjie^OBaTejibHO, 



oo 



/4°W) = 



2tt 



1 + z/c/x 



e lkx dk 
1 + z/c// 



— oo 



6.2 IlepBoe npnGjinxceHHe 

riepeiifleM k nepBOMy iiph6jih>kghhio . B nepBOM npii6jm>KeHHH H3 ypaB- 

HGHH5I (6.6) HaXOflHM: 



Ei{k) = 



1 



L(k) 



1 f J(k,h) 



W T 2 (h) 
o 



<po(ki)dki 



(6.14) 



IlepBaa nonpaBKa k MaccoBoii ckopocth HMeeT bh^ 



oo 



U£\x) = G v Q —^ [ e^E^dk. 



2tt 



— oo 



Tpe6oBaHHe £/ c (+oo) = npiiBo^iiT k Tpe6oBaHmo kohghhocth no^biHTe- 
rpajibHoro Bbipa>KeHii5i b npe^biflymeM HHTerpajie Oypbe. YcTpaHsra nojiioc 
BToporo nop^flKa b TOHKe k = 0, HaxoflHM: 



oo 
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1 1 ri{kl ^ (k 1 )dk 1 = -— [ T^Eoih) dh. (6.15) 



7rTi(0)y T 2 (h)^ iy ttTi(O) 



HeTpy^HO npoBepHTb, hto 

t/i(-oo) « 0.1405, J7i(0) = 0.1775. 

llpeo6pa3yeM c noMom,bio (6.15) BbipajKeHiie b KBa^paTHOH CKo6Ke H3 
Bbipa>KeHHa (6.14): 

oo 



U 1 T 1 (k) + - f J{k,k l ) ( 0^\dk l = 



oo oo 

_ I fj( k k,) Vo(kl) dh, - Tl(k) [ T,q-, ^ o(fcl) dfc, - 



OO 

= i y fcl) _ ri( *y } ] ^(fajdfe,. (4.i6) 



3aMeTHM, hto J(0,/ci) = T\(ki). Han^eM Bbipa>KeHHe 

Ti(0) • 

PaccMOTpHM pa3Jio>KeHHe Ha sjieMeirrapHbie flpoSii: 

1 _ [(1 + fcfo 2 ) - k 2 t 2 } [(1 + fc 2 * 2 ) - kH 2 } _ 

(1 + k 2 t 2 ){l + A; 2 * 2 ) ~ (1 + k 2 t 2 ){l + /c^ 2 ) 

p/2 1.2/2 h 2 h 2 t A 



1 + /^ 2 1 + JW (1 + Jfc 2 * 2 )(l + k\t 2 ) 
C noMom,bio SToro pa3Jio>KeHH5i npeo6pa3yeM Htrrerpaji 



oo 

J(k kt) — 2 f R B(t^)tdt 
[ ' l} ~ J (I + k 2 t 2 )(l + k 2 t 2 ) 



o 

riojiynaeM cjie^yioinee npe^CTaBjieHiie SToro Htrrerpajia: 

oo oo 



j% h) = r l( o) - k\2 J K f;% dt - k 2 2 j *f> a)tHt 



+ k 2 t 2 

o o 
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oo 

2,2o f K B (t,a)t 5 dt 



+k z k(2 



J (1 + kH 2 )(l + k\t 2 ) 
o 



HJIH 

J(fc, h) = Ti(0) - /c 2 T 3 (A:) - klT^h) + /c 2 /; 2 J 5 (fc, h), 

rfle 



oo 



Jn(k,h) = 2 J 



K B (t,a)t n dt 

(l + m^ii + k^y 





n = 3, 5. 



Tenepb hcho, hto 



IlpeflCTaBHM 3to BbipajKemie b BHjj,e 

j(fc,fci)- Ti( *y ) =fc 2 g(fc,fci), 

rfle 

S(fc,fc 1 ) = fc?[j 5 (fc,fc 1 )-^^P 
BepHeMCH k Bbipa>KeHHio (6.14). C nc-MOiHbio (6.16) Tenepb nojiynaeM: 

oo 

E ^-^mf s -ww^ )dk - (fU7) 





HJIH, KpaTKO, 



HJIH 



T 2 {ki) 

oo 

Pi(fci) = -- [ ^TTV- M k 2) dk 2 , 





oo 

<Pi(h) = ~IJ S(k h k 2 )E (k 2 )dk 2 . 
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Tenepb no^CTaBjrasi (6.17) b (6.7) Haxo^HM nepBoe npn6jiH>KeHHe cneK- 
TpajibHoft njiOTHOCTH cpyHKi^HH pacnpeflejieHHa: 



oo 



1 



+ ikfi 



Ei(k) 



UM- — 

7T 



E (ki) dk 



1 + k 2 /i 2 



6.3 BTopoe npH6jiH^ceHHe 



riepefifleM ko BTopoiviy npn6jiH>KeHHio sa^a^ii - ypaBHGHH5i (6.8) h (6.9). 
H3 ypaBHeHHH (6.8) tmxoflHM: 



E 2 (k) = 



L(k) 



U 2 T 1 (k) + i J J(k, k^E^h) dh 
o 



(6.18) 



BTopaa nonpaBKa k MaccoBOH CKopoeni HMeeT bh^: 



oo 



Uf\x) = G v ^-^- [ e lkx E 2 {k)dk. 



2tt 



-oo 



YcjiOBHe £/ c (+oo) = npiiBOflHT k Tpe6oBamiio orpamiHeHHOCTii (pyHK- 
u,hh E 2 (k) b tohkg k = 0. YcTpaHiM nojiioc BToporo nop^flKa B tohkg /c = 
b npaBoii nacTH paBeHCTBa ^jra E 2 (k) 7 Haxofliuvi: 



1 



ttTi(O) 



J(0,fci)£i(fci)dfci = 



1 



ttTi(O) 



T^E^dkj 



HeTpy^HO npoBepHTb, hto 

C/ 2 (-oo) « -0.0116, U 2 (0) = -0.0214. 
Oopiviyjiy (6.19) npeo6pa3yeM k cjie^yiomeMy Bii^y: 



U 2 = 



1 f / Ti(fci)5(fci,fc 2 ) 

tt 2 ti(o) y y T 2 (h)T 2 (k 2 ) 





^0(^2) dk\dk<2 



(6.19) 



35 



E[peo6pa3yeM BbipajKemie (6.18) c noMom,bio paBeHCTBa (6.19). HMeeM: 



oo 



E 2 {k) = 



L(k) 



T\(k)Ti{ki) 



Ei(ki)dki 



Bbinie 6bijio noKa3aHO, hto 

J(kM)- Tlik ™ = ^-S(k, kl ). 

CjieflOBaTejibHO, npeflbi^ymee paBeHCTBO ^aeT: 



oo 



E 2 {k) = 



7TT 2 (k) 



1 f f S(k,h)S(k h k 2 ) 
7r 2 T 2 (k) J J T 2 (h)T 2 (k 2 ) 





(fo(k 2 )dkidk'2 



riepenHineM sto paBeHCTBO b BH^e: 

E 2 {k) = 



12 W 
T2(k) 



rfle 



oo 



1 




S(k, ki)S(ki, k 2 ) 



-J J T 2 (h)T 2 (k 2 ) 





ipo(k 2 )dkidk2 



fljia BToporo npn6jiH>KeHH5i cneicrpajibHOH iijiothocth cpyHKi^HH pacnpe- 
^ejieHHH H3 ypaBHeHHH (6.9) nojiy^aeM: 



1 



+ ik/i 



E 2 {k) - U 2 \fi\ - 



\fi\ f Ei(k\)dk\ 

~ J 1 + k\ii 2 
o 
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6.4 BbicniHe npH6jiH^ceHHa 



B TpeTbeM npn6jin>KeHHH nojiynaeivi: 



E 3 (k) = 



L(k)l 



U 3 T 1 (k) + - / J(k,k 1 )E 2 (k 1 )dk 1 



7T 



KaK ii paHee, ycTpaH5i5i nojiioc BToporo nopHflKa b tohkg k = 0, nojiynaeivi: 



oo 



oo 



u ? = 



ttTi(O) 



J(0,k 1 )E 2 (k 1 )dk 1 = 



ttTi(O) 



iijiii 



oo 



*7 3 = 



1 /^i(^i) w . 



3aMeTHM, HTO 



C/ 3 (-oo) = 0.0008, C/ 3 (0) = 0.0018. 



KpoMe Toro, b TpeTbeM npii6jiiDKeHiiii mm nojiy^aeM: 



oo 



£ 3 (*0 = 



irL(k) 



J(k,h)- 



Ti(fc)Ti(fci) 
7^(0) 



E 2 (h)dk h = 



oo 



7rT 2 (£;) 



S(k,k 1 )E 2 (k 1 )dk h 



HJIH 



r^e 



£ 3 (*0 = 



^3(fc) 

r 2 (*) 



oo 



p 3 (fc)=~ y sik.k^E^dk^ 



oo oo oo 




ki)S(k h k 2 )S(k 2 , ks) 



irj J J T 2 (ki)T 2 (k 2 )T 2 (kz) 





ipo(ks)dkidk 2 dk^ 
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c/ 3 = -i 



oo oo oo 



T 1 (k 1 )S(k 1 ,k 2 )S(k 2l k 3 ) 

•• ./ j j r 1 (o)r 2 (fc 1 )r 2 (fc 2 )T3(fc 3 ; 






<Po(ks)dkidk 2 dkz 



IlpoBOflH aHajiorHHHbie paccy^KfleHHH, fljia n-ro npii6jiii}KeHii5i corjiacHO 
(4.10) ii (4.11) nojiyHaeM: 



oo 



tf n = "^Y^y / T^E^k) dk, n = 1, 2, 





oo 



#n(fc) = -^rjy y fci)£„-i(fci)dfci, n = 1, 2, 



HJIH 



rfle 



(pn(k) 

UkY 



n = 0,l,2,-.. , 



^n(^) = y ki)E n _i(ki)dki, n = 1, 2, • • • , 

00 

/ E n _i{ki)dki 



$ n {k,fi) = 



1 

1 + z/c// 



7T y i + ^v 



BbiniinieM n-bie npii6jiii}KeHii5i V^, E n (k) h <^ n (fc), BbipajKemibie Hepe3 Hy- 
jieBoe npii6jiii:>KeHiie cneKTpajibHoii iijiothoctii MaccoBOH CKopocTii E$(k) = 
ip (k)/T 2 (k). HivieeM: 



*/„ = 



(-1)' 



00 00 



7T 



ri( fci)5(fci,fc 2 )-- -5(^-1,^) 

Ti(0)T 2 (^)---T 2 (^) 



x 



£»(*0 = 





XLp (k n ) dki--- dk n , 

00 00 

•if r r s(k,h)S(k h k 2 )---s(k n - h k n ) 



7r n T 2 (k)J J T 2 (k 1 )---T 2 (k n ) 


X(p (kn)dki- ■ -dk n , n = l,2, 3, 



x 



<fn(k) = 



(-iy 



00 00 







5( fc, fci)5(fci, fc 2 ) • • -5(^-1, fc w ) 
T 2 (h)---T 2 (k n ) 



x 
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X(po(k n )dki---dkn, n=l,2, 



7 CpaBHeHHe c tohhmm peineHHeM. CitopocTb 

CKOjib^ceHHa 

CpaBHHM HyjieBoe, nepBoe h BTopoe npii6jiii>KeHii5i npii q = 1 c tohhbim 
peineHHeM. 0rpaiiirmiMC5i cjiy^aeivi kbcIhtobbix Bo3e-ra30B, 6jih3khx k Kjiac- 
CHHecKHM (t.c npii a — > — oo), ii cjiynaeivi fliicpcpysiioro OTpa>KeHii5i MOJiexyji 
ra3a ot noBepxHOCTii. 

ToHHoe 3HaHeHHe ckopocth CKOJiB>KeHH5i b cjiy^ae ^iicpcpysHoro pacceH- 

HH5I flJIH KBaHTOBBIX Bo3e-ra30B C nOCT05IHHOH HaCTOTOH CTOJIKHOBeHHH Ta- 

kobo: 

U a (a,q = l) = V 1 (a)G v . 



oo 



rfle 



C(r,a) = 6{r,a) - tt, 
6(t, a) = arg \ + (fi, a) = arcctg 



, ... Mr. a) 



oo 



A(z, a) = 1 + z J 



7ttK(t, a) ' 
K(t,a)dt 



t-z ' 

— oo 

HJIH, B 5IBHOM BHfle, 

oo 2 

1 f x ln(l — e a_a; ) 



6*(r, a) = arcctg 



tt J t ln(l — e a T ) x — r 

■- — oo 



CjieflOBaTejibHO, tohhoc 3HaHeHHe 6e3pa3MepHoii ckopocth CKOJibJKeHira 
b cjiy^iae ^iicpcpysHoro paccesmira ^jra KBaHTOBbix Bo3e-ra30B, 6jiii3kiim k 
KjiaccHnecKHM ra3aM (t.c a —>■ — oo) TaKOBo: 

U si (a = -oo, q = l) = 1.0162GV 
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Be3pa3MepHaa CKopocTb CKOJib>KeHii5i bo btopom npii6jiii>KeHiiii paBHa: 



U§\a,q=l) = G v - <J 



Q 



U (a) + Ui(a)q + U 2 (a)q' 



CocTaBHM OTHOCHTejibHyio oninSKy npn6jiH>KeHH5i 

V 1 (a)-U^(a,q=l) 



rfle 



O n (a) = 



U^(a,q) = J2u k (aW 



k—n 



k=0 

Pe3yjibTaTbi HiicjieHHbix pac^eTOB npHBe^eivi b Bii^e Ta6jiiiiL B Ta6jiHn,ax 
1-3 npHBe^eM 3HaHeHH5i KOScpcpinpieHTOB Uq(cx), Ui(a), ^(ck) npn pa3jiHH- 
hmx 3HaHeHH^x 6e3pa3MepHoro xiiMnnecKoro ncxreHi^Hajia a h 3HaHeHii5i co- 
OTBeTCTByiomeH OTHOCHTejibHoii ohih6kh HyjieBoro, nepBoro h BToporo npn- 
6jiH>KeHHH 6e3pa3MepHofi CKopoern cKOJib^KeHHH. 

Ta6jiHii,a 1. 



XnMnoTeHi^naji 


K09(p(pHD;HeHT 


OTHOCHTejibHa^ oninGKa 


a 


U (a) 


B HyjieBOM Iipil6jIII>KGHHH,% 





0.7227 


18.01 


-1 


0.8580 


13.33 


-2 


0.8769 


12.96 


-3 


0.8829 


12.85 


-4 


0.8850 


12.81 


-5 


0.8858 


12.80 


-6 


0.8861 


12.79 


-7 


0.8862 


12.79 


-8 


0.8862 


12.79 



Ta6jiHD,a 2. 
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XnMnoTeHu;Haji 


Kos4)4)Hii,HeHT 


OTHOCHTejibHa^ oninGKa 


a 


U (a) 


B nepBOM npil6jIII>KGHHH,% 





0.1775 


-2.12 


-1 


0.1431 


-1.12 


-2 


0.1413 


-1.06 


-3 


0.1408 


-1.05 


-4 


0.1406 


-1.04 


-5 


0.1406 


-1.04 


-6 


0.1405 


-1.04 


-7 


0.1405 


-1.04 


-8 


0.1405 


-1.04 


Ta6jiHii,a 3. 


XnMnoTemjuaji 


K03(J)4)HII,HeHT 


OTHOCHTejibHaa oiiiiiSKa 


a 


U (a) 


BO BTOpOM npil6jIH>KeHHH , % 





-0.0214 


0.30 


-1 


-0.0121 


0.11 


-2 


-0.0117 


0.10 


-3 


-0.0116 


0.10 


-4 


-0.0116 


0.10 


-5 


-0.0116 


0.10 


-6 


-0.0116 


0.10 


-7 


-0.0116 


0.10 


-8 


-0.0116 


0.10 



ripiiBefleHHoe cpaBHemie nocjie^OBaTejibHbix npii6jiii>KeHHH c TOHHbiM pe- 
3yjibTaT0M CBH^eTejibCTByeT o BbicoKoii 3(J)(J)gkthbhocth npe/yiaraeivioro Me- 
TOfla. 
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8 npocjmjib ckopocth ra3a b nojiynpocTpaHCTBe h ee 

3HaneHHe y ctghkh 

MaccoByio CKopocTb, OTBenaioiiiyK) HenpepbiBHOMy cneKTpy, pa3jio>KHM 

no CTGIIGH5IM KOSCpCpHUHeHTa flHCpCpySHOCTH: 

U c {x) = UP(x) + qUP(x) + q 2 UP(x) + • • • . (8.1) 

Torfla npocpHjib MaccoBon ckopocth b nojiynpocTpaHCTBe mo>kho CTponrb 
no cpopMyne: 

U(x) = U sl (q, a) + G v x + U c (x), (8.2) 

r^e U c (x) onpe^ejiHeTCH npeflbiflymnM paBeHCTBOM (8.1). 

KoBcpcpnnneHTbi p^a (8.1) bbihhcjihm coraacHO BbmefleHHbiM Bbime (pop- 
MyjiaM: 

oo 

U^(x) = J e lkx E n (k)dk, n = 0, 1, 2, • • • . 

— oo 

CorjiacHO (8.2) Bbinncjinivi CKopocTb ra3a HenocpeflCTBeHHO y ctghkh: 

U(0) = U sl (q, a) + tf<°>(0) + qU^(0) + q 2 UP(0) + • • • . (8.3) 

B cjiynae hhcto ^ncpcpysHoro OTpa>KeHH5i MOJieKyji ot ctchkh (q = 1) 
corjiacHO (8.3) Mbi HMeeM 

U(0) = U sl (l,a) + U^(0) + f/ c (1) (0) + f/ c (2) (0) + • • • • 

OTCiOfla b HyjieBOM npn6jiH>KeHHH nojiynaeM: 

uW = U sl (l,a) + UP(0). 

OTCIO^a BHflHO, HTO 

£/ (0) =U sl (l,-oo) + UP(0) 

a=—oo 

B nepBOM npn6jin>KeHHH nojiynaeM: 

17^(0) = U sl (l,a) + UP(0) + f/ c (1) (0) 



= 0.6747GV 

a=— oo 
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OTCKDfla BHflHO, HTO 

/7 (1) (0) 



C/ sZ (l,-oo) + [/j°)(0) 



a=— oo 



a=— oo 



+^(0) 

a=— oo 

Bo btopom npii6jiH>KeHHH nojiynaeivi: 



= 0.7103GV 



U®(0) = U sl (l,a) + C/i°)(0) + C#>(0) + C/f(0). 



OTCKD^a BHflHO, HTO 



^ 2 )(0) =[/ s/ (l,-oo) + ^ (0) (0) 



+ 



+E#>(0) + ^(o) 



a=— oo 



0.7068G, 



CpaBHHM 3TH pe3yjIbTaTBI C TOHHbIM 3HaHGHHG CKOpOCTH y CTGHKH 



[7(0, a) = 

H3 stoh (popMyjibi BbiTexaeT, hto 



''Mr 



C/(0) 



= -^=G V = 0.7071GV 
v2 



BBe^eM OTHOCHTejibHyio oiHii6Ky 

U{0) - U^{0) 



O, 



U(0) 



100%, n = 0,1,2, 



B HyjieBOM npii6jiii>KeHHii OTHOCHTejibHaa oniii6Ka paBHa 4.6%, b nepBOM 
npii6jiii>KeHiiH paBHa —0.45%, bo btopom npii6jiH>KeHiiH paBHa: 0.044%. 



9 IlpHBe^eHHe 4>opiviyji k pa3MepHOMy BH^y 

Oopiviyjiy (6.3) fljra 6e3pa3MepHOH ckopocth CKOJibJKeHira npHBe^eivi k pa3- 
MepHOMy BHfly. ^jra SToro noHafloSiiTCH KOScpcpHiriieHT bh3kocth KBaHTOBoro 
Bo3e-ra3a. 
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Ilo onpe^ejieHHio KOScpcpimHeHT KHHeMaTiiHecKoii b^3kocth paBeH: 

p 

T] = - 



d,Uy 

dx / oo 

r^e u y (x) - pa3MepHa5i MaccoBaa ckopoctb, OTKy^a 

Tfl f 

r\ = / fv x v y dtt, (9.1) 

9v J 

r PP 9v ~ pa3MepHBiii rpa^neHT MaccoBoii ckopocth. YHHTMBaa, hto x\ = 
isy/]3x, r^e x - pa3MepHaa KOopflimaTa, HMeetvi: 

/du y (x)\ vd(yfj5u y (x)) _ ^dUy(xi) _ 
^ v \ dx ) oo d(vy/]}x) dx\ 

S^ecb G w - 6e3pa3MepHbiii rpafliieHT, U y - 6e3pa3MepHaa MaccoBaa CKopocTb 
b HanpaBjiGHiiii och y. 

riepeiifleM b (9.1) k HHTerpiipoBaHiiio no 6e3pa3MepHbiM KOMnoHeHTaM 
ckopocth: 

_ m l (2s+j) r 3 _ 

rioflCTaBjiHH BMecTO h(x, C x ) aciiMnTOTHHecKyio cpyHKUHio h as (x, C x ) } Ha- 

XOflHM, HTO 



2(2s + l)m 4 

r\ = 



J ClC 2 y 9B {C)d z C. 



1/(2^)3(^)5 

BblHHCJTHH HHTerpajI B 3T0M BbipaJKeHHH, HaXOflHM KOBCpCpHUIieHT B5I3KO- 

cth: 

2(2s+ l)m 4 7r/f (a) 
7/ " z/(27r/ i ) 3 (v / ^) 5 ' 

rfle 

oo 



44 



Bbipa3HM K03(pCpHLI,HeHT B5I3KOCTH Hepe3 HHCJIOByK) njIOTHOCTb. HeTpyn,HO 
BHfleTb, HTO 



N = / fdtt = 



2w(2s + l)mHg(a) 



DO 

Iq(cx) = y ln(l — exp(a — x 2 )) dx. 



Cjie^OBaTejibHO, KOScpcpHixiieHT bh3kocth mo>kho npe^CTaBHTb b BH^e: 

Nml 2 {a) p l$(a) 



(9.3) 



vPlg(a) vP Iff (a)' 

Bbipa>KeHHe pa3MepHoii ckopocth c y^eTOM paBeHCTBa (6.3), b koto- 
poM Bee KOScpcpHijHeHTbi p^fla HaftfleHbi, nepeniiineM b BH^e: 



y/Pu 8 i(a,q) = C(a,q)^, 



OTKyn,a pa3MepHaa CKopocTb CKOJib)KeHH5i paBHa: 

C(a,q) 
u s i{a,q) = 7WT l 9v 



v 



VP i 



Sflecb 



C(q,a) = 



q 



q 



u + u iq + u 2 <t 



(9.4) 



(9.5) 



^Hjiimy CBoSoflHoro npo6era / b (9.4) Bbipa3HM nepe3 B5i3KOCTb 77 corjiacHO 
HepHHHbHHH [lj-[8]: / = r]p~ l y/T{]3. IToflCTaBjrafl Bbipa>KeHHe (9.5) b (9.4), 
nojiynaeM HCKOMyio pa3MepHyio CKopocTb CKOJib^KeHH^: 



u s i(a,q) = K„(a,q)lg V} 



r^e 



K*(a,q) = 



C(a,q) lg(a) 



VkI%(ol) 

eCTb K03(p(pHD;HeHT H30TepMHHeCKOrO CKO JIb>KeHH5I . 
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PhC. 5: 3&BHCHMOCT£> K03(J)4)Hn;HeHTa H30TepMHHeCKOrO CKOJIbJKeHHH OT K03(J)(J)Hn;HeHTa 
^,H(J)(J)y3HOCTH. 
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1.05 



0.98 - 



0.91 



-10 



-5 



a 



Phc. 6: 3aBHCHMocTb KoscpcpHirneHTa V\(a) ot npHBe^eHHoro xnMnnecKoro noTemjuajia. 



2.0 



1.5 - 



K v (a) 



V^a) 



1.0 - - 



-10 



-5 



a 



Phc. 7: 3aBHCHMocTB KoscpcpHirneHTa H30TepMHHecKoro cKOJibaceHKH h K03(pcpHn;HeHTa 
Vi(a) ot npHBe^eHHoro xiiMiinecKoro noTeHirnajia. 
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1.0 



<= 0.8 - 



0.6 



a 



Phc. 8: 3aBHCHMOCTb OTHOCHTejibHoro K09(J)4)Hi];HeHTa bji3kocth — ot npHBe^eHHoro 

?7(-oo) 

xHMHiecKoro noTemjuajia. 
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PHC. 9: 3aBHCHMOCTb K03(p(pHIJ,HeHTa H30TepMHHeCKOrO CKOJIbJKeHHH K v (a) (KpHBaH 1) H 

K03(p(pHu,HeHTa cKopocTH Bo3e-ra3a K v (0,a) Henocpe^cTBeHHo y ctchkh (xpHBaH 2) ot 
npHBe^eHHoro xnMnnecKoro noTemjiiajia. 
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Phc. 10: 3cLbhchmoct£> KoscpcpimneHTa ckopocth C(0, a) Bo3e-ra3a HenocpeflCTBeHHO y 
cTeHKH ot npHBe^eHHoro xnMnnecKoro noTeHijuajia. 
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10 3aKjiK>HeHHe 

B HacT05nnen pa6oTe c noMom,bK) pa3BHToro He/raBHO (56] HOBoro MeTO/ra pe- 
nieHa nojrynpocTpaHCTBeHHaa rpaHHHHasi sa^ana KHHeTHnecKoft Teopiiii - 
sa^ana KpaMepca 06 H30TepMHnecKOM CKOJib)KeHHH KBaHTOBoro Bo3e-ra3a c 

nOCTOHHHOH HaCTOTOH CTOJIKHOBeHHH MOJieKyjI H C SepKajIbHO-flHCpCpySHblMH 
rpaHHHHblMH yCJIOBHHMH. B OCHOBe MeTOfla Jie>KHT Hflea npOflOJIJKHTb (pyHK- 

n,Hio pacnpeflejieHHH b conpa>KeHHoe nojiynpocTpaHCTBO x < u bkjhohhtb 
b KHHeTHnecKoe ypaBHeHHe rpamiHHoe ycjiOBHe b BH^e njieHa rana hctoh- 
HHKa Ha (pyHKi^Hio pacnpeflejieHHH, OTBenaioiiryio HenpepbiBHOMy cneKTpy. 
C noMom,bK) npeo6pa30BaHHH Oypbe KHHeTHnecKoe ypaBHeHHe cbo^hm k xa- 
paKTepncTHHecKOMy HnrerpajibHOMy ypaBHeHHio Ope^rojibMa BToporo po- 
fla, KOTopoe peniaeM MeroflOM nocjieflOBaTejibHbix npH6jin>KeHHH. J\jik sto- 
ro pa3JiaraeM b p^flbi no CTeneHHM KOScpcpHnHenra ^ncpcpysHOCTH CKopocTb 
CKOJib>KeHH5i ra3a, ero (pyHKUHio pacnpe^ejieHira h MaccoByio CKopocTb, ot- 
BenaiomHe HenpepbiBHOMy cneKTpy iIoflCTaBjrasi sth pa3Jio>KeHH5i b xapaK- 
TepncTnnecKoe ypaBHeHHe h npnpaBHHBasi KOScpcpHnHenrbi npn o^HHaKOBbix 
CTeneHHx KOScpcpnuneHra flncpcpysHOCTH, nojiynaeivi cneTHyio cncTeiviy 3an,en- 
jieHHbix ypaBHeHHH, H3 KOTopbix HaxoflHM Bee K03(p(pHH,HeHTbi HCKOMbix pa3- 

JIOJKeHHH. 

Mbi HaxoflHM Tax Ha3biBaeMyio CKopocTb CKOJib>KeHHH ra3a B^ojib no- 
BepxHOCTH, (pyHKH,Hio pacnpeflejieHHsi h pacnpe^ejieHne MaccoBon ckopocth 
b nojiynpocTpaHCTBe. CKopocTb CKOJib>KeHH5i — sto (pHKTHBHaa CKopocTb ra- 
sa, KOTopaa nojiynaeTCH, ecjin npocpnjib acnMnroTnnecKoro pacnpe^ejieHnsi 

MaCCOBOH CKOpOCTH, BblHHCJieHHyK) BflajIH OT CTeHKH Ha OCHOBe aCHMnTOTH- 

necKoro pacnpeflejieHH^ HenMeHa— 9HCKora, npojiOHrnpoBaTb ,0,0 rpaHnnbi 
nojiynpocTpaHCTBa. 

IlpefljiaraeMbiH MeTOfl oSjia^aeT bmcokoh scpcpeKTHBHOCTbio. Tax, cpaBHe- 
Hne c TonHbiM pemeHHeM noKa3bmaeT, hto b TpeTbeM npn6jiH>KeHHH oniH6Ka 
He npeBoexoflHT 0.1%. 
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H3Jic»KeHHbiH b pa6oTe MeTOfl 6hji ycneniHO npiiMeHeH [57]-[S5] b penie- 
Hiiii p^^a TaKHx cjio>KHbix saflan KHHeTHHecKoii Teopiiii, KOTopbie He flonyc- 
KaioT aHajiHTHnecKoro penieHH^. 
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